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Abstract. We develop a formalism to describe the equilibrium distributions for segments of confined
branched networks consisting of stiff filaments. This is applicable to certain situations of cytoskeleton
in cells, such as for example actin filaments with branching due to the Arp2/3 complex. We develop
a grand ensemble formalism that enables the computation of segment density and polarisation profiles
within the confines of the cell. This is expressed in terms of the solution to nonlinear integral equations
for auxiliary functions. We find three specific classes of behaviour depending on filament length, degree
of branching and the ratio of persistence length to the dimensions of the geometry. Our method allows a
numerical approach for semi-flexible filaments that are networked.
1 Introduction
Actin filaments forming part of the cytoskeleton of a cell
can form branched structures via the Arp2/3 protein com-
plex [1]. This complex nucleates the growth of actin fila-
ment daughter branches at an approximate angle of 70◦
to the predecessor filament [2,3]. Such branched networks
are confined within the cell membrane or by a rigid cell
wall in plant cells, which is thought to strongly influence
the spatial organisation of these actin networks inside the
cell [4]. The abundant actin in cells [5,6,7,8,9] contributes
to various processes, including shape remodelling, cell po-
larity, cell motility or migration or cell crawling for wound
healing, cell contractility and division for tissues growth
and renewal or regeneration, adhesion, transport and cell
mechanosensing [6,8,10,11,12,13]. These functions are de-
pendent on correct structure, orientation, and spatial or-
ganisation of the actin [14,15,16,17,18].
Actin filaments and microtubules are semi-flexible poly-
mers of which both the persistence lengths and the degrees
of polymerization can be similar to the dimensions of the
cell within which they are confined [19]. The persistence
length of single unconfined actin filaments ranges from 8
to 25 µm and for microtubules is about 5.2 mm [19,20,
21,22], while eukaryotic cells can occur in sizes from 10 to
50 µm in animals and up to 100µm in plants [23]. Because
actin networks are much denser at the cell periphery, the
cell size is strongly correlated to cytoskeletal network spa-
tial and orientational organisation, and conformations [14,
15,24].
Theoretical and computer simulation studies of single,
linear semi-flexible polymers inside spheres [25,26,27,28]
show that the mechanical and dynamic properties of the
semi-flexible polymers are strongly dependent on both the
degree of confinement and the filament persistence length
`p. (Such insights also help to understand the packaging
of very long DNA in bacteriophage capsids [29,30,25].)
Alvarado et al. [14] and Silva et al. [31] have studied the
alignment of bundles of semi-flexible filaments inside rect-
angular chambers with sizes of order of µm. They report
that spatial confinement has a great impact on the con-
formational organisation and alignment of actin filaments.
This kind of behaviour is also observed for composites
of microtubules under confinement [32]. Azari et al. [33]
have also investigated the properties of a mixture of lin-
ear polymer chains with stiff segments of different lengths
and stiffness in a spherical confining region, using molec-
ular dynamics simulations. In strong confinement, com-
petition in the filament system leads to segregation of
chains as the confining volume is decreased. Of course, in-
teraction between semi-flexible segments of filaments and
their networks can lead to, amongst others, nematic ef-
fects. Cross-linking of semi-flexible filaments is known to
lead to changes in orientational order [34], and there are
also nonequilibrium effects arising from active forces (see,
e.g., Refs. [35,36]).
Here we introduce a theoretical tool with which we
can study confined and tree-like branching networks of fil-
aments in equilibrium, suitable for in vitro systems and
time scales when the many highly out-of-equilibrium cy-
toskeletal processes in living cells are not applicable. In
the present paper we restrict ourselves to investigating
the interplay of confinement, filament stiffness and tree-
like network structure, although the formalism does allow
for the inclusion of interactions of various types, but not
active forces. The quantitative theoretical model permits a
treatment of the inhomogeneous networks of semi-flexible
filaments that emerge in non-infinite regions, which re-
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mains challenging to deal with in conventional polymer
network theories. We model both the linear and branching
networks confined in a spherical domain, where the per-
sistence length `p, the contour length N , and the sphere
diameter D are all of the same order of magnitude. We
compare the structural properties of the two types of sys-
tem. We build upon a formalism for the study of semi-
flexible linear polymers confined to a certain region in
space from the grand canonical ensemble developed some
time ago [33,37,38] by extending it to branching actin net-
works. This accounts for filaments with variable lengths
and a network where branches can be pruned and regrow.
A generalisation of the monomer ensemble technique [39]
is particularly suited to computational work, leading to
density profiles of branching points, and the distribution
of filament orientations which we call the order parameter
field in dependence of the proximity to cell boundaries.
We introduce the grand canonical formalism in Sec-
tion 2 and derive the expressions for the density distribu-
tions, the degree of polymerization and the radial order
parameter fields for the networks of filament segments.
The density functions are expressed in terms of functions
that are solutions to a set of non-linear integral equations.
We solve these integral equations self-consistently using a
recursive numerical scheme. Chemical potentials for linear
filament growth and for branching can be varied. Numer-
ical results, presented in Section 3, around values where
length scales of persistence length, filament degree of poly-
merization and confining region diameter are more-or-less
equivalent, allows a classification of the network behaviour
in terms of the local density and order profiles.
2 The grand partition function of the
confined network
We calculate the partition function for filament segments
that are connected linearly and with branches in a grand
ensemble. The resulting equilibrium spatial and orienta-
tional distributions of segments can be derived from the
solution of integral equations. These allow numerical solu-
tions to be calculated iteratively on appropriate lattices.
For linear chains this has already been done in a sim-
ilar manner in Refs. [37,38,39]. We start by summarising
the formalism for linear chains in Sec. 2.1 in a suitable
formalism that we then extend to branching networks in
Sec. 2.2.
Our networks consist of two types of building blocks:
filament segments and junctions that join segments either
linearly or as branches. A filament segment has a specific
sense of direction. It starts at a position r1, with direction
unit vector nˆ1, and runs to its other end at position r
′
1
where the orientation unit vector is nˆ′1. Since the filament
is polarised, we adopt the convention that nˆ1 points away
from r1, and towards the second end point for nˆ
′
1. The sec-
ond type of building blocks is the connection between the
segment, either connecting them linearly, or as a branch-
ing points. The second elements will include a Boltzmann
weight to describe a bending energy for the joint, as well
as a means of spatially matching the start of one segment
to the end of another, etc.
2.1 Linear chains in segment ensemble
We define the statistical weight of a segment of a single ori-
ented filament by G(r1, nˆ1; r
′
1, nˆ
′
1) = G(Γ1), where the fil-
ament is polarised alongs its contour. The order of the end-
points in G therefore matters. Similarly, the fugacity of
the filament segment is given by z(r1, nˆ1; r
′
1, nˆ
′
1) = z(Γ1),
which depends on all the coordinates summarised by Γ1.
In a linear chain consecutive filament segments are
joined head to tail and an additional Boltzmann weight
w(r′1, nˆ
′
1; r1nˆ2) is required to address the bending energy
at each of the joints between the end of the first and the
start of the next filament segment. We require the end of
one segment and the starting position of the other to be
at the same place, so that
w(r′1, nˆ
′
1; r1nˆ2) = δ (r
′
1 − r2) w0(nˆ′1, nˆ2), (1)
where w0 is simply a Boltzmann weight associated with
the energy penalty for bending the bond. The grand canon-
ical partition function for the ensemble of filaments joined
into a linear chain is then the sum over all filament seg-
ment degrees of freedom and numbers of filaments making
up a chain.
Z =1 +
∫
dΓ1 z(Γ1) G(Γ1)
+
∫
dΓ1dΓ2 z(Γ1)G(Γ1)w(Γ1,Γ2) z(Γ2)G(Γ2) + . . .
=1 +
∫
1
z1G1 +
∫
1,2
(z1G1)w1,2 (z2G2)
+
∫
1,2,3
(z1G1)w1,2 (z2G2)w2,3 (z3G3) + . . . (2)
We have introduced slightly more compact notation to
represent the integration and arguments of z and G.
Although by no means necessary, it is practical to in-
troduce filaments of fixed length ` that are straight and
rigid, which means that bends occur only at junctions be-
tween segments. This choice means that
G(r1, nˆ1; r
′
1, nˆ
′
1) =δ (r
′
1 − r1 − `nˆ1) δ (nˆ1 − nˆ′1) and
(3a)
z(r1, nˆ1; r
′
1, nˆ
′
1) =z(r1, nˆ1) (3b)
as a simplified fugacity. This form shall be practical to
implement on a lattice where the spacing of bonds cor-
responds to ` (chosen to be 1) and the possible direction
unit vectors are finite.
The spatial confinement of the linear (and also branched)
structures is implemented via the segment fugacity:
z(r1, nˆ1) =
{
z0, if r1 ∈ L and r1 + `nˆ1 ∈ L
0, otherwise
; (4a)
or z˜(r′1, nˆ
′
1) =
{
z0, if r
′
1 ∈ L and r′1 − `nˆ′1 ∈ L
0, otherwise
. (4b)
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where L represents the permitted spatial region which the
filament segments may occupy. We note that z and z˜ refer
to the fugacity for the same filament, but as expressed in
terms of its orientation and position of the start and end
points, respectively.
The density of filament segments %f starting at position
r with orientation nˆ is then calculated in the usual way
from the grand partition function as
%f(r, nˆ) = z(r, nˆ)
δ lnZ[z]
δ z(r, nˆ)
. (5)
It is the object of this paper to compute and interpret this
quantity for the linear and a branched chains in certain
confined situations. In Section 2.2 we shall add the pos-
sibility of branching by introducing another fugacity (ζ),
allowing a generalisation of eq. (5). The partition function
and the distribution %f can be computed for both linear
and branched networks in terms of auxiliary functions that
are the solutions to integral equations.
2.1.1 Auxiliary functions for linear chains in a grand
ensemble
For the linear chain we define two functions
ψ(lin) (r, nˆ) =
∫
d3r′1d
2n′1 G(r, nˆ; r
′
1, nˆ
′
1)
+
∫
d3r′1d
2n′1dΓ2
[
G(r, nˆ; r′1, nˆ
′
1)w(r
′
1, nˆ
′
1; r2, nˆ2)
× z(r2, nˆ2)G(Γ2)
]
+
∫
d3r′1d
2n′1dΓ2dΓ3
[
G(r, nˆ; r′1, nˆ
′
1)w(r
′
1, nˆ
′
1; r2, nˆ2)
× z(r2, nˆ2)G(Γ2)w(Γ2,Γ3)
× z(r3, nˆ3)G(Γ3)
]
+ . . . (6a)
ψ˜(lin) (r, nˆ) =
∫
d3r1d
2n1 G(r1, nˆ1; r, nˆ)
+
∫
dΓ1d
3r2d
2n2
[
G(Γ1)z˜(r
′
1, nˆ
′
1)
× w(Γ1,Γ2)G(r2, nˆ2; r, nˆ)
]
+
∫
dΓ1dΓ2d
3r3d
2n3
[
G(Γ1)z˜(r
′
1, nˆ
′
1)w(Γ1,Γ2)
×G(r2, nˆ2; r, nˆ)z˜(r′2, nˆ′2)w(Γ2,Γ3)
×G(r3, nˆ3; r, nˆ)
]
+ . . . (6b)
They are simply related to the partition function in eq. (2)
by an additional integration step
Z =1 +
∫
d3rd2n z(r, nˆ)ψ(r, nˆ)
=1 +
∫
d3rd2n ψ˜(r, nˆ) z˜(r, nˆ). (7)
Moreover in Appendix A we show that the density distri-
bution can be calculated as
%f(r, nˆ) =
z(r, nˆ)
Z
[
ψ(r, nˆ)
+
∫
d2n′ ψ˜(r, nˆ′) z˜(r, nˆ′)w0(nˆ′, nˆ)ψ(r, nˆ)
]
(8)
with w0 as defined in eq. (1).
2.1.2 Diagrammatic representations
Equations (6) can be written as integral equations for
ψ(lin) and ψ˜(lin), which allows them to be determined nu-
merically by iterative methods. This is clearly seen when
we introduce a diagrammatic representation. We denote
the filament segment weight by a directed line segment
and appropriate labels:
G(Γ1) = δ (r
′
1 − r1 − `nˆ1) δ(nˆ1−nˆ′1) =
(r′1, nˆ
′
1)(r1, nˆ1)
.
(9)
Integration over all the applicable degrees of freedom at
an end is indicated by a filled circle as in∫
d3r1d
2n1 δ (r
′
1 − r1 − `nˆ1) δ(nˆ1−nˆ′1) =
(r′1, nˆ1)
.
(10)
It follows that the grand partition function can be ex-
pressed as
Z =1 +
z
+
z
w
z
+
z
w
z
w
z
+ . . . (11)
where z below a line indicates appropriate inclusion in
the integral of the fugacity function, and the w above
a filled circle indicates the Boltzmann weight associated
with bending at a junction. Representing ψ diagrammat-
ically via the diagram , eq. (6a) is represented
diagrammatically as
ψ(lin)(r, nˆ) =
= +
w
z
+
w
z
w
z
+ . . . (12a)
= +
w
z
. (12b)
Eq. (12b) can be seen to be equivalent to eq. (12a) by
substituting the LHS into the RHS of the equation re-
cursively, which leads to the infinite sum of the original
definition.
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2.2 Branching networks in the filament ensemble
The main idea of our calculation is to compute the grand
partition function Z of the system from which one can
then obtain the density of filaments and grafts. The grand
partition function for a combination of linear bonds and
branching junctions has a functional dependence on two
fugacities: one for the linear growth of filaments through
z(r, nˆ), as in the preceding section, and the other through
a fugacity ζ(r, nˆ1, nˆ2) for a filament grafted in the direc-
tion nˆ2 from the main filament direction nˆ1 at the posi-
tion r. In the same way as w0 represents the Boltzmann
weight for the bend at the linear junction another function
ξ(nˆ′1, nˆ2, nˆ3) represents the Boltzmann weight associated
with relative angles the segments make with respect to
each other when entering the point where branching oc-
curs.
The grand partition function is the the sum over all
possible networks and all conformations of such networks,
with appropriate Boltzmann factors and fugacities for lin-
ear filaments and branching. It may be expressed diagram-
matically as
Z =1 +
z
+
z
w
z
+
z
w
z
w
z
+ . . .
+
z
ξ
ζ
+
z
ξ
ζ
w
z
+ . . .
+
z
ξ
ζ
ξ
ζ
+
z
ξ
ζ
ξ
ζ
+ . . . (13)
For branching networks Z is now a functional of both the
fugacities z and ζ. Boltzmann factors are shown above the
nodes, and the relevant fugacities below the lines.
As previously, we define a function ψ(r, nˆ) (and its
counterpart ψ˜) such that
Z = 1 +
∫
d3r d2n z(r, nˆ)ψ(r, nˆ). (14)
The function ψ may be expressed diagrammatically, where
indicates that integration over the variables {r, nˆ} does
not occur,
ψ(r, nˆ) =
= +
w
z
+
w
z
w
z
+ . . .
+
ξ
ζ
+
ξ
ζ
w
z
+ . . .
+
ξ
ζ
ξ
ζ
+
ξ
ζ
ξ
ζ
+ . . .
(15)
As is familiar from various treatments of tree-like net-
works, ψ can be written recursively
= +
w
z
+
ξ
ζ
(16a)
=
∫
d3r′1d
2n′1 G(r, nˆ; r
′
1, nˆ
′
1)
+
∫
d3r′1d
2n′1d
2n2
[
G(r, nˆ; r′1, nˆ
′
1)w0(nˆ
′
1, nˆ2)
× z(r′1, nˆ2)ψ(r′1, nˆ2)
]
+
∫
d3r′1d
2n′1d
2n2d
2n3
[
G(r, nˆ; r′1, nˆ
′
1)
× ξ(nˆ′1, nˆ2, nˆ3)ζ(r′1, nˆ2, nˆ3)
× ψ(r′1, nˆ2)ψ(r′1, nˆ3)
]
(16b)
The diagram reresents a nonlinear integral equation, whose
solution can then be directly inserted into eq. (14). The
function ψ(r, nˆ) represents the sum of all possible trees
with the stem or trunk at r in the direction nˆ.
It is also possible to construct all possible trees from
an outer leaf, rather than from the trunk, leading to the
definition of ψ˜(r, nˆ) in terms of the diagrammatic repre-
sentation
ψ˜(r, nˆ) =
= +
w
z˜
+
ξ
ζ˜
.
(17)
We can now also compute density distributions for fil-
ament segment and branching points:
%f(r, nˆ) =z(r, nˆ)
δ lnZ[z, ζ]
δ z(r, nˆ)
=
z(r, nˆ)
Z
[
ψ(r, nˆ)
+
∫
d2n′ ψ˜(r, nˆ′) z˜(r, nˆ′)w0(nˆ′, nˆ)ψ(r, nˆ)
]
(18a)
and
%b(r, nˆ1, nˆ2) = ζ(r, nˆ1, nˆ2)
δ lnZ[z, ζ]
δ ζ(r, nˆ1, nˆ2)
=
ζ(r, nˆ1, nˆ2)
Z
∫
d2n′ ψ˜(r, nˆ′) ξ(nˆ′, nˆ1, nˆ2)
ψ(r, nˆ1)ψ(r, nˆ2). (18b)
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3 Density distribution and orientational order
field profiles
We modelled the confinement of various type of two di-
mensional (2d) and three dimensional (3d) semi-flexible
(or stiff) linear chains and branched filament networks in
a completely rigid sphere (spherical cell with rigid mem-
brane or wall ) [27]. We neglect the possibility that the
stiff networks may deform the confining membranes [40].
Analytical derivation of the the local density distributions
using the grand partition function (eq. (14)) led us to the
expression in the equations (16) and (17) which are func-
tionals of ψ and ψ˜.
We solve these integral equations numerically in a self-
consistent manner (Appendix C for the numerical method).
For linear chains and in certain geometries it is possi-
ble to provide analytical expressions for the chain den-
sity [37], etc.. However, eq. (14) (and its counterpart) be-
come nonlinear when branching is added (the ζ–dependent
term). Given the nonlinearity of the equations to solve and
wishing to keep the possibility of dealing with arbitrarily-
shaped confinement, we present only numerical work on
these equations. We compute the grand canonical parti-
tion function and then the density distributions (the av-
erage density of linear chain segments, the density of seg-
ments involved in branching and the total average density
of filaments segments in the confining region) of the sys-
tem, as well as measures of the order and alignment of the
filaments. We express the total density % as a function of
the filament bond positions as:
%(r) =
∫
d2n%(r, nˆ) (19)
where %(r, nˆ) is the probability or a density of finding a
polymer segment at a position r and orientation nˆ inside
the confining region. The density %(r, nˆ) is given by:
%(r, nˆ) = %f(r, nˆ) +
∫
dn22 [%b(r, nˆ, nˆ2) + %b(r, nˆ2, nˆ)] .
(20)
Since we implement our numerical work on a lattice, we
continue by summing over both sites and directions rather
than integration
∫
dn2 . . .→∑nˆ . . .
For our numerical calculations, we consider a 2d tri-
angular lattice for the growth of 2d branching networks
and 3d triangular lattice for the 3d branching networks.
On these lattices, we define the spherical confining cells
with diameters D comparable to the persistence length
of actin filaments. The typical persistence length of un-
confined actin filament is (`p ∼ 17.7µm) [19]. We define
the confining region such that the ratio `p/D ∼ 1.2 (stiff
networks). We express the persistence length of a filament
in term of its bending stiffness (see Appendix D). The
polymer chains are allowed to form only inside the con-
fining region with the constraints expressed via eqs. (4).
The chain segments occupy the bonds (of length ` = 1) of
the lattice that are within the confining region, otherwise
the lattice bonds stay unoccupied. The effective locally
oriented linear chain bonds form more readily with the
increasing of the fugacity z0 while branching is controlled
via the fugacity ζ0 at 60
◦ angle on triangular lattices and
as ζ0 increases the network becomes ever more branched.
The geometries of the confining regions in our model are
controlled by the two fugacities z0 and ζ0 which include
eqs. (4). The choice of triangular lattices means bonds are
multiples of 60◦ which is close to the typically observed
70◦ for Arp2/3-controlled branching.
The mean number of bonds or degree of polymerisation
〈N〉 of filament segments of a network inside the confining
domain is given by
〈N〉 =
∑
r
%(r). (21)
Therefore the variation of z0 and ζ0 allows us to obtain
different types of confined networks and the numerical re-
sults show distinct differences between the spatial density
distribution of filament segment profiles of these networks.
Imaging of actin cytoskeletal networks inside living
cells using electron and fluorescence microscopy has shown
highly ordered dense structure in the vicinity of the cell
membrane [14,24,15,41,42,43]. Indeed many studies have
been conducted to investigate the origin of the ordering of
these networks. Starting from the study of behaviour and
conformations of single semi-flexible filament such as actin
and DNA under confinement [40,26,25,44,45,46], theo-
retical studies and coarse-grained computer simulations
of semi-flexible cytoskeletal filaments show that confine-
ment of networks of semi-flexible polymers can induce for-
mation of orientational ordered structure similar to that
observed in molecules of liquid crystalline phase [47,27].
But, to our knowledge, there is no quantitative model that
explores the structural spatial organisation and ordering
of branching actin networks under cellular confinement in
thermodynamic equilibrium. Here we also investigate how
confinement affects the alignment of cytoskeletal actin fila-
ment networks as their structure and architecture changes
from short, long linear filaments to highly branched net-
works. Although living cells are hardly in equilibrium, we
argue that this approach is a sensible first step, that also
provides a tool to deal with theoretically challenging fi-
nite and confined networks that do not consist of Gaussian
chains.
The radial order parameter field Q(r) is defined as:
Q(r) =
∑
nˆ
1
2
(
1− 3(uˆ · nˆ)2)%(r, nˆ) (22)
for 3d networks where uˆ is the radial unit vector defined by
the positions of the bonds of the filaments in the confining
region by uˆ = r/|r|, with the origin of the coordinate sys-
tem at the centre of the spherical region. For 2d networks,
Q(r) is defined as:
Q(r) =
∑
nˆ
(
1− 2(uˆ · nˆ)2)%(r, nˆ) . (23)
For the local radial order field distribution equal to
zero, we have a perfectly isotropic distribution of net-
work segments at that point inside the confining region.
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A positive radial order parameter field value corresponds
to alignment of the filaments parallel to the confining cell
membrane or wall, whereas a negative radial order param-
eter field means that the filaments are perpendicular or are
pointing straight to the cell membrane. The profile of the
order parameter fields gives us the information about the
alignment of the filaments of the networks relatively to
the cell membrane.
The density profiles and the order field profile obtained
for the networks modelled in 2d are similar to those mod-
elled in 3d. Depending on the structure and topology of
the networks, the confining membrane or wall can have
a weak or strong confinement effect on the network or-
ganisation. We see from our model that the networks of
long linear actin filaments are affected by the strong con-
finement leading to their bending, while the networks of
short filaments are weakly influenced by the effect of con-
finement [48,45,44,26,49,33,31]. The branched networks,
though subjected to a strong confinement, exhibit a high
resistance to the effect of confinement.
3.1 Confined actin networks dominated by short
filaments (〈N〉 < D)
In our model, we obtain branching actin networks (2d and
3d) dominated by short actin filaments for ζ0 close to zero
and small value of z0 satisfying the validity domain equa-
tion (26) such that (1 − z0)2 > 4ζ0 ∼ 0. We modelled
the 2d networks on a the triangular lattice and the 3d
networks on a 3d triangular lattice. The structures and
properties of the two networks are similar. Their density
profiles through the middle of the spherical cell (see Fig-
ure 1(a) for 2d networks and Figure 4(a) for 3d networks)
show a convex shape density distribution of the filament
segments inside the confining domain with a plateau near
the centre. This indicates that filaments are concentrated
more towards the centre of the sphere. We explain this
by the fact that semi-flexible polymers or actin filaments
shorter than the confining region size (here the sphere
with diameter D compares to the degree of polyemriza-
tion 〈N〉 < D) are weakly influenced by the effects of the
confinement and they are free to move toward the centre
of the sphere to seek more available volume to orient and
translate comfortably and thus maximise their number of
accessible conformations. These predictions have been also
made in the study of semi-flexible polymer confined in fi-
nite regions or between walls [50,47,51,26]. The order pa-
rameter field profiles in Figures 1(b) and Figure 4(b) for
2d and 3d networks, respectively, are positive and nonzero
near the wall, becoming zero near the centre. This shows
that the short filaments close to the cell membrane or wall
have preference of aligning parallel to the cell wall while
the filaments close to the centre of the confining domain
are isotropically distributed.
(a) Density profile
(b) Order profile
Fig. 1: The average (a) density profile and (b) order pa-
rameter field profile through the middle of the sphere (in
the direction of x) of segments of a 2d network domi-
nated by linear short actin filaments (〈N〉 < D), obtained
for z0 = 0.5 and ζ0 = 0.001. The density profile shows
a convex-shaped distribution of the network segments in-
side the confining sphere. The order profile is positive near
the cell edges and zero in the middle of the sphere mean-
ing that filaments that are close to the cell membrane
are aligned parallel to it, while they are isotropically dis-
tributed near the centre of the spherical cell. The inset is
a cartoon to illustrate the type of the networks for which
the this density profile is obtained.
3.2 Confined actin networks dominated by long linear
chains (〈N〉 > D)
The actin networks dominated by long linear filaments
with very little branching of filaments are obtained for
(1− z0)2 > 4ζ0 with large value of z0 while the degree of
branching parameter ζ0 is small (ζ0 close to 0).
We plot the the network segment density through the
middle of the sphere — see Figure 2(a) for 2d networks
and Figure 5(a) for 3d networks. These profiles show a low
concentration of filaments near the centre of the sphere
while a high concentration is observed close to the edge of
the sphere and we qualify this as an heterogeneous concave
density distribution of filament segments.
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(a) Density profile
(b) Order profile
Fig. 2: The average (a) density profile and (b) order pa-
rameter field profile through the middle of the sphere (in
the direction of x) of segments of a 2d network domi-
nated by long linear actin filaments (〈N〉 > D) with little
branching, obtained for z0 = 0.75 and ζ0 = 0.001. The
density profile shows an inhomogeneous concave-shaped
density distribution (high near the periphery of the cell
and low near the centre of the sphere) of the filaments or
filament segments inside the confining region. The order
parameter is positive near the egde of the cell and zero in
the middle. This means that the filaments of the network
at the cell edges wrap around within the cell and align
parallel to it, while those close to the centre are isotrop-
ically distributed. The inset is a cartoon to illustrate the
type of the networks for which the this density profile is
obtained.
Previous studies predicted that when long linear semi-
flexible polymer filaments are confined in finite geometry
with size smaller than their persistence lengths or smaller
than their unconfined sizes, they are strongly affected by
the presence of the confining membrane. This reduces their
available configurations and they bend and occupy the pe-
riphery of the confining cell membrane. The density pro-
files we obtain suggest the same behaviour of the branch-
ing actin networks dominated by long linear filaments. So,
as the filaments of the networks grow and become longer
than the diameter of the sphere, filaments are subjected to
(a) Density profile
(b) Order profile
Fig. 3: The graph (a) and graph (b) represent the average
density profile and order parameter field profile, respec-
tively, through the middle of the sphere (in the direction
of x) of segments of a 2d branched network, obtained for
z0 = 0.516 and ζ0 = 0.06. The density profile shows an in-
homogeneous concave-shaped density distributions (high
at the cell periphery and low near the centre of the sphere)
of the filaments or filament segments inside the confining
region. We obtain a negative order parameter field and this
indicates a perpendicular alignment of filaments to the cell
membrane or to the cell wall. The inset is a cartoon rep-
resenting the spherical geometry confining the network of
actin filaments in red on the graph and it is there to illus-
trate the type of the networks for which the this density
profile is obtained.
strong confinement effect and they wrap around the spher-
ical cell in order to minimise the free energy of the system
[49,33,52,51,53,54]. The order field profiles of these net-
works through the middle of the sphere (see Figure 2(b)
for 2d networks and Figure 5(b) for 3d networks) confirm
these predictions. The order field is greater than zero near
the cell membrane while it is close to zero in the middle,
indicating that filaments are bent and aligned parallel to
the cell membrane while isotropically distributed near the
centre of the sphere.
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(a) Density profile
(b) Order profile
Fig. 4: The plot (a) represents the average density profile
and plot (b) the order parameter field profile through the
middle of the sphere (in the direction of x) of segments
of a 3d network dominated by linear short actin filaments
(〈N〉 < D), obtained for z0 = 0.31 and ζ0 = 0.001. The
density profile shows an convex distribution of the net-
works segments and relatively flat near the centre of con-
fining spherical cell. The order profile is positive near the
cell egde and close to zero in the middle of the sphere
meaning that filaments that are close to the cell mem-
brane are aligned parallel to it, while isotropically dis-
tributed near the centre of the spherical cell. The inset
is a cartoon representing the spherical geometry confining
the network of actin filaments in red on the graph and it
is there to illustrate the type of the networks for which
the this density profile is obtained.
3.3 Confined branched (actin) Networks
We obtain branched networks when we increase both z
and ζ0 with significant increase of the branching strength
ζ0 such that (1 − z0)2 ' 4ζ0. A concavely shaped den-
sity profile of the network is obtained as we increase ζ0. A
high number density of branched filament segments is ob-
tained at the cell periphery which is lower near the centre
of the cell (inhomogeneous density distribution, as in Fig-
ures 3(a) or 6(a)). We observe that the branched networks
are subjected to a strong confinement effect leading to the
inhomogeneous distributions of the networks segments.
(a) Density profile
(b) Order profile
Fig. 5: The graph (a) and graph (b) represent the average
density profile and order parameter field profile, respec-
tively, through the middle of the sphere (in the direction
of x) of segments of a 3d network dominated by long linear
actin filaments (〈N〉 > D) with little branching, obtained
for z0 = 0.71 and ζ0 = 0.00001. The density profile shows
an inhomogeneous concave-like shape density profile with
a high segment number at the cell periphery and low near
the centre of the spherical cell. The order parameter is
positive near the egde of the cell and zero in the middle.
This means that the filaments of the networks that are at
the cell periphery align parallel to the cell membrane while
those close to the centre are isotropically distributed. The
inset is a cartoon representing the spherical geometry con-
fining the network of actin filaments in red on the graph
and it is there to illustrate the type of the networks for
which the this density profile is obtained.
The order parameter field profiles through the cen-
tre of the sphere of the branched networks are negative
on average — see Figure 3(b) for 2d networks and Fig-
ure 6(b) for 3d networks. This means that most of the
filaments of the branched networks align perpendicularly
(pointing outwards or inwards) to the cell wall. We expect
that this is due to the increase of branching of filaments
which makes the network highly stiff and difficult to bend.
In fact, some authors have predicted that the increasing of
the actin branch nucleation via the Arp2/3 protein com-
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(a) Density profile
(b) Order profile
Fig. 6: The graph (a) and graph (b) represent the average
density profile and order parameter field profile, respec-
tively, through the middle of the sphere (in the direction
of x) of segments of a 3d branched network, obtained for
z0 = 0.5 and ζ0 = 0.0049. The density profile shows an
inhomogeneous distributions (high at the cell periphery
and low near the centre of the sphere) of the filaments or
filament segments inside the confining region. We obtain a
negative order parameter field and this indicates a perpen-
dicular alignment of filaments to the cell membrane or to
the cell wall. The inset is a cartoon representing the spher-
ical geometry confining the network of actin filaments in
red on the graph and it is there to illustrate the type of
the networks for which the this density profile is obtained.
plex increases the stiffness of actin networks [24,4,17]. The
effect of rigid strong confinement on branched actin net-
works is thus cancelled by the stiffness induced by the
branching via Arp2/3 protein complex.
With some extensions of our model, one will be able to
elucidate our understanding of at least some equilibrium
properties of lamellipodia or filopodia formation inside eu-
karyotic cells [55,2,56]. One can surmise that the stiffness
of of branched actin filament network allows it to resist
to the effect of confinement that the cell membrane intro-
duce and leads to the protrusion of the membrane if the
latter is semi-flexible [40].
3.4 Types of behaviour
We have classified the differents networks that form in
phase diagrams (ζ0, z0), given in Figure 7 and Figure 8
for 2d and 3d networks, respectively.
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Fig. 7: Categories of behaviour for 2d simulation showing
the domains of the three studied type of networks. The
number densities of filament segments are plotted as we
vary the filament elongation parameter z0 and the branch-
ing parameter ζ0. On this phase diagram, the region rep-
resented by yellow filled circles corresponds to the domain
in which networks of stiff short filaments with few branch-
ing is obtained. The black triangle domain is mainly the
zone of networks dominated by long linear chains while
little branching is observed. The red squares domain cor-
responds to the domain of branched actin networks. The
points of the line separating the different domain corre-
spond to the points (ζ0, z0) for which we obtain the net-
works with comparable length scales (i.e. 〈N〉 ∼ D ∼ `p).
The whole blue domain is the domain in which our nu-
merical result is valid (validity domain) and this is given
by the equation (26). Please see Table 1.
We have computed the densities and the order param-
eters fields for many points (ζ0, z0) that satisfy the domain
of validity condition of our model given by the equation
(26). The profiles of these densities and order fields al-
lowed us to divide the validity domain into three distinct
zones which corresponds to the three different types of net-
works we presented in the above. The yellow dots zone on
the phase diagram corresponds to points (ζ0, z0) for which
networks dominated by short linear filaments are formed.
They are are more concentrated near the centre of the con-
fining cell, weakly influenced by the confiment effect with
10 Somie´alo Azote and Kristian K. Mu¨ller-Nedebock: Confined branching networks
●●
●●
●
●
●
●
●●
●●
●
●
●
●
●●
●●
●
●
●
●
●
●●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●●
●●
●
●
●
●
●
●
●
●●
●●
●
●
●
●
●
●
●
●●
●
●
●
●
●●
●
●
●
●
●
●●
●
●
●
●
●●
●●
●
●
●
●●
●●
▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
■
■
■
■ ■
■
■
■
■
■■
■
■
■
■ ■
■
■■
■
■
■■
■■
■
■
■■
■
■■
■■
■
■
■
■
■
■
■
■
■ ■
■
■■
■
■■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■
■■
■
■■
■
■
■
■
■
■
■■
■■
■
■■■
■
■■
■■
■
■
■
■■
■ ■
■
■
■
■
■
■
■ ■ ■
■■
■
■
■
■
■
■ ■ ■ ■
■ ■■
■ ■ ■
■ ■ ■
0.00 0.01 0.02 0.03 0.04 0.05
0.0
0.2
0.4
0.6
0.8
1.0
ζ0
0
Fig. 8: Classification of behaviour in 3d for triangular
lattice simulation. The regions of the graphs are distin-
guished in the same manner as for the 2d triangular lat-
tice, Fig. 7. Please also Table 1 for clarifications of the
different regions.
parallel alignment to the cell wall or membrane prefer-
ence. The properties of the networks that are represented
Curvature at centre Av. order param. Symbol
> 0 > 0 black triangles
> 0 < 0 red square
< 0 > 0 yellow disks
Table 1: Summary of the description of the regions in
Figs. 7 and 8.
in the black triangle domain are those of the branching
actin networks dominated by long linear actin filaments
with little branching. They have a positive order param-
eter suggesting that the filaments are aligned parallel to
the cell wall. The points (ζ0, z0) in the red squares zone
on the phase diagram satisfy (1 − z0)2 ' 4ζ0. This zone
corresponds to confined branched networks filament seg-
ments with negative order parameter fields meaning that
the filaments of the networks are aligned perpendicular to
the cell wall.
In the region of points (ζ0, z0) for which we obtain the
networks with comparable length scales (i.e.. 〈N〉 ∼ D ∼
`p) (see the density and order profiles of these networks on
Figure 9 where some of the filaments start bending while
others are radial, i.e.. perpendicularly to the confining cell
wall or membrane) are used to draw the lines separating
the domains of the three types of networks.
(a) Density profile
(b) Order profile
Fig. 9: The graph (a) and graph (b) represent the average
density profile and order parameter field profile through
the middle of the sphere (in the direction of x) of segments
of a network in which the length of the filaments are equal
to the size of the confining region (〈N〉 ∼ D ∼ `p). We
plot this density profile for ζ0 = 0.001 and z0 = 0.69. The
small dip in the middle of the density profile suggess a de-
crease of segment density distribution in the centre of the
sphere. The inset is a cartoon representing the spherical
geometry confining the network of actin filaments in red
on the graph and it is there to illustrate the type of the
networks for which the this density profile is obtained.
4 Conclusion
In this work, we have extended the monomer ensemble
formalism [37,38,33] to investigate some of the structural
and physical properties of branching actin cytoskeletal
networks in spherical rigid confining regions. The wall, or
confinement was treated purely as such, without any ad-
ditional interactions. Our calculations in thermodynamic
equilibrium neglected the excluded volume effect between
actin monomers, the interactions between chains and those
between chains and the cell membrane or wall, but the in-
clusion of these interactions is certainly possible in the
formalism. By varying the fugacity z0 associated to the
degree of polymerization of a filament, the fugacity ζ0 as-
sociated to the degree of branching, and the ratio of the
persistence length and the confining regions diameter, we
have identified three distinct types of branching actin net-
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works by their computed density and order parameter field
profiles.
We note that here we have chosen to isolate the role of
confinement together with the inherent connectivity of the
stiff networks in investigating how they influence filament
density and orientation. Certainly, hard-core mutual re-
pulsion of filament monomers, nematic interactions, cross-
linking [34], and the non-equilibrium action of molecular
motors (see Refs. [35,36]) also are known to affect orien-
tation and density. Indeed, the grand canonical formalism
can cope with interaction mechanisms arising from po-
tential energies of interaction [39,57], in which there is
an interplay of more effects and associated length scales.
Furthermore, even a hard core repulsion between infinitely
thin linear objects is expected to exhibit different order-
ing behaviour in three or two dimensions (see, amongst
many others, Ref. [58,59,60]). In this context we remark
that most (simple) instances of the grand canonical for-
malism would only provide a mean-field density functional
perspective on such phenomena.
When (statistically) short filaments (〈N〉 < D) are
formed these are weakly affected by the spherical con-
finement. This is observed in the profiles of the average
densities which shows relatively flat spatial distribution
of filament segments. In contrast the average density dis-
tribution of networks dominated by long linear filaments
(〈N〉 > D) has a spatial organisation with a higher den-
sity of filaments in the periphery of the cell than in its
centre. This shows that the latter type of networks are
under strong confinement and the filaments align paral-
lel to the cell wall in order to minimise the free energy
of the system [48,33,45,44,47]. We have obtained, though
the network is strongly confined, that under certain con-
ditions filaments near walls are perpendicular to the walls.
Looking at the density and orders profiles and by com-
paring the size of confining region and the persistence
length to the contour length we classify the actin cy-
toskeletal networks inside confining spherical geometry ac-
cording to their structure, their behaviour and properties
in a phase diagram where there is no discontinuity numer-
ically observable in the free energy of the system. Crossing
the solid black line in these figures (cf. Figures 7 and 8) is,
however, defined by a definite change of sign of the den-
sity curvature in the centre of the cell. Since the cells are
not homogeneous with order parameter varying along the
radius, and the cell is finite, this is not a classical phase
transition, but more like a cross-over between regimes of
fundamentally different occupation of filaments inside the
cell.
The model we have developed can be reproduced for
cells with various geometries and can be tested experi-
mentally. Fluorescent imaging of cells is able to inform
one about filament density and it is also possible to gain
orientational data (Tsugawa et al. [32] showed this for mi-
crotubules). This study, though it is a strongly simplified
picture of a real cytoskeleton, can contribute to under-
stand how branching cytoskeletal networks of filaments
self-organise and align under the effect of confinement that
the cell membrane introduce. The knowledge of how the
structures of these networks relate to their physical prop-
erties and conformations is relevant for manufacturing of
artificial living cells [61] with different structures and ge-
ometries.
This work is based on the research supported in part by the Na-
tional Research Foundation of South Africa (Grant No. 99116).
This work is based on funding of the SA-UK Newton Fund. SA
is generously sponsored by the Organisation for Women in Sci-
ence in the Developing World and SIDA.
A Density functional derived from the
function ψ
We implement the conventional definition for the density
in a grand ensembles using eq. (18a) as applied to the
partition function eq. (7) or eq. (14) with the more general
ψ. Diagrammatically this entails the sum over all possible
“prunings” at a z of all possible trees. We note that ψ is
a functional of z, which leads to
δ Z
δ z(r, nˆ)
=
1
Z
[
ψ(r, rˆ) +
∫
d3r′ d2n′
δψ(r′ nˆ′
δ z(r, nˆ)
]
(24a)
where
δψ
δ z
=
∫
Gw0
δψ
δ z
+
∫
Gξ ζ
(
δψ
δ z
ψ + ψ
δψ
δ z
)
. (24b)
Eq. (24b) can be expanded self-consistently. By noting the
integration in eq. (24a) one can then show that eq. (8) and
eq. (18a) emerge.
For the functional derivative of the grand partition
function with respect to the junction fugacity ζ an analo-
gous procedure can followed. Diagrammatically this is the
sum of all “prunings” of trees precisely at all possible junc-
tions. This pruning leads always to three trees emerging
from the scission, two of which grow from a stem, and the
remaining tree described from its leaf.
B Unconfined limit
Without any confinement whatsoever the centre of mass of
the network is translationally and rotationally invariant.
Quantities ψ and ψ˜ must therefore not depend on the
position and orientation vectors, r and nˆ, i.e. they are
are constant.
Using the appropriate normalizations of Boltzmann
weights, we see that the constant values of ψ0 and ψ˜0,
corresponding to this unconfined limit, must satisfy
ψ0 =1 + z0ψ0 + ζ0ψ
2 and (25a)
ψ˜0 =1 + z0ψ˜0 + ζ0ψψ˜0. (25b)
Solutions only exist for values of ζ0 and z0 with a positive
discriminant in eq. (25a)
(1− z0)2 ≥ 4ζ0. (26)
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The single physical solution of the quadratic equation is
ψ0 =
1
2ζ0
(
1− z0 −
√
(1− z0)2 − 4ζ0
)
and (27a)
ψ˜0 =ψ0. (27b)
With nd the number of discrete direction components per
site, and N the macroscopically large number of lattice
sites, this leads to an expression for the density of fila-
ments in unconfined conditions:
%0,f =
ndz0ψ0 (1 + ψ0)
1 + ndz0Nψ0
. (28)
For actual junctions we have
%0,b =
n2dζ0ψ
3
0
1 + ndz0Nψ0
. (29)
In the limit N →∞ this leads to the number of filaments
and branching junctions as
N0,f =1 + ψ0 and (30a)
N0,b =
ζ0
z0
n2dψ
2
0 . (30b)
C Computation technique
We describe the numerical method for solving the equa-
tions for ψ and ψ˜ for linear and branched filament net-
works under confinement. The computation consists of
solving the nonlinear integral equation (16) iteratively for
the quantity ψ(r, nˆ) together with the eq. (17) for ψ˜(r, nˆ).
We do this in three and two dimensions. Generally
plant cells have a very large vacuole which occupies most
of the interior space of the cell and only a thin area is oc-
cupied by the cytoskeleton leading to the two-dimensional
shape of the cytoskeleton [23]; the cytoskeleton of animal
cells presents a 3d shape [62]. We choose to do the numer-
ical implementations on 2d and 3d triangular lattices.
C.1 Realisations of 2d and 3d lattices
C.1.1 2d triangular lattice
We consider a 2d triangular lattice model of N ×N sites.
This lattice has the coordination number six. Fig. 10 shows
one realisation of a branching network within a confined
region on the triangular lattice. A monomer starting at
a site can point in the directions along the six adjoining
bonds. Each bond is also associated with a fugacity z,
that includes z0, as well as the constraint (cf. eq. (4).
More importantly, the triangular lattice allows branching
of filaments at multiples of 60◦ angles, which is in the
range of the angles of branching via the Arp2/3 protein
complex, at about 70◦ [63,3].
The nearest neighbours are reached on the lattice using
the basis unit vectors and integer indices of the lattice
points. In a 2d triangular lattice with unit bond length,
the lattice indices of the nearest neighbours to the point
P = (X,Y ) are (X±1, Y ), (X,Y ±1), (X∓1, Y ±1). xˆ =
±(1, 0), yˆ = ±( 12 ,
√
3
2 ), and wˆ = ±(yˆ − xˆ) = ±(− 12 ,
√
3
2 ).
This can be implemented in different ways, e.g.
−−→
OP = (Xg, Yg) = Xxˆ+ Y yˆ. (31)
where X, Y ∈ Z; or by considering alternating rows
(Xg, Yg) =
{
(X,
√
3
2 Y ), Y even
(X + 12 ,
√
3
2 Y ), Y odd
. (32)
Fig. 10: An example of a configuration of branching net-
work on a 2d triangular lattice. Black dots indicate the
lattice and the network is confined to the region within the
green circle. The chains or chain segments of the tree-like
network are given in red, with arrows for the orientation
of the segment.
C.1.2 3d triangular lattice
We also consider the 3d triangular lattice with N×N×N
sites. Each lattice point has 12 nearest-neighbours. The
network segments lie along the bonds, meaning that each
monomer has 12 possible directions. The 3d triangular
lattice consists of layers of square lattices in parallel planes
and is formed by a closest cubic packing of spheres [64]. To
obtain a 3d triangular lattice, besides the two primary unit
vectors xˆ and yˆ specifying the x and y axes of each square
lattice, a primary axis along a unit vector zˆ is added. This
lies at an angle of 2pi/3 from both x and y. The distance
between two adjacent planes is
√
2/2. The planes support
two consecutive layers of square lattices. We have the same
distance between all nearest-neighbours. Again the choice
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of lattice maintains symmetry and allows us to approach
the actual branching angle of actin filaments.
The twelve unit vectors are
xˆ = ±(1, 0, 0)
yˆ = ±(0, 1, 0)
zˆ = ±(− 12 ,− 12 ,
√
2
2 )
uˆ = ±(xˆ+ zˆ) = ±( 12 ,− 12 ,
√
2
2 )
vˆ = ±(yˆ + zˆ) = ±(− 12 , 12 ,
√
2
2 )
wˆ = ±(xˆ+ yˆ + zˆ) = ±( 12 , 12 ,
√
2
2 )
. (33)
Each lattice point position P on the lattice is represented
by integer coordinates (X,Y, Z) where X,Y, Z ∈ Z with
nearest neighbours of P :
{(X ± 1, Y, Z), (X,Y ± 1, Z), (X,Y, Z ± 1),
(X ± 1, Y, Z ± 1), (X,Y ± 1, Z ± 1),
(X ± 1, Y ± 1, Z ± 1)} (34)
The corresponding Cartesian position vector of P from
the origin of the lattice O is given by
−−→
OP = (Xc, Yc, Zc) = Xxˆ+ Y yˆ + Zzˆ, (35)
meaning that Xc = X − 12 , Yc = Y − 12 , and Zc = Z√2 .
C.1.3 Description and Algorithm
Under the two chemical potential fields z and ζ (z asso-
ciated to actin monomers and responsible for filaments
elongation and ζ associated to Arp2/3 protein and re-
sponsible for branching), each monomer occupies a lat-
tice bond. We show an example of network configuration
in Figure 10. Our network bonds have polarisation. We
define a confining spherical region L that has a diameter
D. The persistence length `p (via w) is chosen to be of
the same order as D. The additional length scale that will
play a role is N for the degree of polymerisation, which is
largely determined by the fugacities.
The fugacities z(r, nˆ) and ζ(r, nˆ1, nˆ2) are associated to
filament elongation and branching controls, respectively,
within the spherical region boundary limit. Explicitly the
boundary conditions enter as follows
z(r, nˆ) = z0 ×
{
1, if r ∈ L and r + nˆ ∈ L
0, otherwise
(36)
ζ(r, nˆ1, nˆ2) = ζ0 ×

1, if r ∈ L
and r + nˆ1 ∈ L
and r + nˆ2 ∈ L
0, otherwise
(37)
We check if r − rc and r + nˆ − rc are positions inside the
sphere for nonzero fugacity. Here rc is the position of the
centre of the sphere.
We now can compute the nonlinear integral/sum equa-
tions 15 and 17 by an iteration procedure. We start with
initial guesses ψ0 and ψ˜0 on the lattice, that are inserted
into weighted versions of the right-hand sides of equations
(16) and (17) repeatedly until the answers converge.
Either we have zero occupancy, i.e. there is no filament
along a bond, and then ψ(r, nˆ) and ψ˜(r, nˆ) are set to 1,
or bonds are formed and then ψ(r, nˆ) and ψ˜(r, nˆ) are lo-
cally calculated. The filaments can grow from any point
of the lattice as long as this monomer is inside the con-
fining region. So a monomer at position r connects with
a monomers at position r1 = r + `nˆ where ` = 1 is the
lattice unit length. The unit vector nˆ is one of the 6 (2d tri-
angular lattice), 12 (3d triangular lattice). The monomer
at position r1 branches with two neighbours respectively
at positions r2 and r3 on the lattice and form a tree-like
filament or as junction as follow:
→ r1
{
↗ r2 = r1 + nˆ1
↘ r3 = r1 + nˆ2. (38)
A new ψ at starting at r and with direction nˆ is then
computed iteratively. For example, the first iteration gives
ψ(r, nˆ) = 1 +
∑
nˆ1
w0(nˆ, nˆ1)z(r, nˆ1)ψ0(r1, nˆ1) (39)
+
∑
nˆ1
∑
nˆ2
ξ(nˆ, nˆ1, nˆ2)ζ(r, nˆ1, nˆ2)ψ0(r2, nˆ1)ψ0(r3, nˆ2).
(40)
This is repeated until the desired convergences is reached.
The computation of ψ˜(r, nˆ) is similar to the computa-
tion of ψ(r, nˆ) with a few minor difference
r → r1 = r − nˆ (41)
→ r1
{
↗ r2 = r1 + nˆ1
↘ r3 = r1 − nˆ2. (42)
We then compute the grand partition function, the
spatial density distributions and the nematic order field
for different type of networks, typed according to their
stiffness and their structures, since these all quantities de-
pend on ψ and ψ˜.
D Persistence length
Since the chains exist on a lattice with bonds connect-
ing only nearest neighbours, the semi-flexible chain can
be mapped onto a Potts model. We wish to determine the
persistence length `p of the unconfined actin filaments as
function the filament bending modulus . We compare `p
with the size of the confining region. In our model the
bending energy (with modulus) this is encoded in the
Boltzmann weight w.
The persistence length is determined from the expo-
nential decay of the tangent-tangent correlation function
of a semi-flexible walk, cf. Fig. 11. We calculate the corre-
lation 〈ti · tN+i〉. The Boltzmann weight associated to the
bending energy between adjacent bonds is w(i, i + 1) =
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tˆ1
tˆ2
tˆ3
tˆ4
tˆN
Fig. 11: A configuration of a chain on the hexagonal lat-
tice, with tˆi indicating the unit vector orientation of the
the ith bond in the chain.
〈ti|T |ti+1〉where the ti are tangent vectors describing all
possible orientations of the bonds of the chain on a de-
fined lattice, expressed in a suitable basis for the transfer
matrix T . To calculate 〈ta · tN+a〉 we compute partition
function Z of the full polymer chain of M = a + b + N
monomers:
Z =
∑
ti
M−1∏
i=1
w(i, i+ 1). (43)
The correlation function between the tangent vector ta
and tN+a is
〈ta · tN+a〉 = 1Z
∑
ti
ta · tN+a
M−1∏
i=1
w(i, i+ 1). (44)
Using the following relation
〈ta · tN+a〉 ∼ e−N/`p , for N  1, (45)
we compute the persistence length `p of the polymer chain
`p ∼ − N
ln (〈ta · tN+a〉) . (46)
We choose the ratio of the persistence length to the size
of the confining cell at a value greater or equal to 1. This
choice makes the filament semi-flexible on the scale of the
cell. The degree of polymerisation of the filament 〈N〉 is
also relevant. We investigate difference scenarios:
– `p ' 〈N〉 > D — semi-flexible polymer chain that is
subject to strong effect of the confinement;
– `p ' 〈N〉 ∼ D, — confinement, length, and persistence
length of comparable length scale; and
– `p ' 〈N〉 < D — weak confinement effect.
Figure 12 shows an example of the relationship be-
tween  and `p. For our numerical calculations we choose a
value for the bending rigidity  giving a persistence `p such
that the ratio `p/D stays fixed to 1.2. For the 2d triangu-
lar lattice `p = 60.2964 lattice bond lengths, with taken
to be D = 50 bond lengths, i.e. `p/D = 1.2. For the 3d
triangular lattice our choice of  is such that `p = 30.0077
with D = 25.
8.05
ϵ
60.2964
ℓp
Fig. 12: Plot of the persistence length of a polymer chain
living on the 2d triangular lattice as function of .
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